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Ïðåäëîæåí íîâûé àëãîðèòì ðàñ÷åòà îñåñèììåòðè÷íûõ òå÷åíèé âßçêî-
ãî ñæèìàåìîãî òåïëîïðîâîäíîãî ãàçà â îêðåñòíîñòè øàðà. Â êà÷åñòâå
ìàòåìàòè÷åñêîé ìîäåëè èñïîëüçóåòñß ïîëíàß ñèñòåìà óðàâíåíèé Íàâüå-
Ñòîêñà. Àëãîðèòì ñòðîèòñß íà îñíîâå êâàçèãèäðîäèíàìè÷åñêèõ óðàâíå-
íèé.
New algorithm for numerical modeling of axesymmetric viscous compres-
sible heat conducting gas ﬂows in vicinity of sphere is proposed. As main
mathematical model the NavierStokes system is used. Numerical algorithm
is constructed on the base QuasiHydrodynamic equations.
Êëþ÷åâûå ñëîâà: îáòåêàíèå øàðà; ÷èñëåííûé ìåòîä; êâàçèãèäðîäè-
íàìè÷åñêèå óðàâíåíèß.
Keywords: ﬂow round a sphere; numerical method; Quasi-Hydrodynamic
equations.
Ââåäåíèå. Äîçâóêîâîå îáòåêàíèå ñôåðû æèäêîñòüþ èëè ãàçîì áûëî ïðåäìå-
òîì ìíîãî÷èñëåííûõ òåîðåòè÷åñêèõ [15], ýêñïåðèìåíòàëüíûõ [610] è ÷èñëåííûõ
[1120] èññëåäîâàíèé. Ïåðâûå îïóáëèêîâàííûå ðåçóëüòàòû èçìåðåíèé ñîïðîòèâëå-
íèß ñôåð ïðèíàäëåæàò È.Íüþòîíó. Åùå îäèí âàæíûé øàã áûë ñäåëàí â ñåðåäèíå
XIXâ. Äæ.Ñòîêñîì, êîòîðûé ïîñòðîèë òî÷íîå ðåøåíèå ñòàöèîíàðíûõ ëèíåàðèçî-
âàííûõ óðàâíåíèé âßçêîé íåñæèìàåìîé æèäêîñòè â çàäà÷å îá îáòåêàíèè øàðà
âíåøíèì îäíîðîäíûì ïîòîêîì ñ óñëîâèåì ïðèëèïàíèß ñêîðîñòè íà ãðàíèöå øà-
ðà. Ýòî ðåøåíèå îòâå÷àåò ïðîñòîìó ïðîòåêàíèþ è àäåêâàòíî îïèñûâàåò òå÷åíèß
æèäêîñòè è ãàçà âáëèçè øàðà äëß ÷èñåë Re, íå ïðåâîñõîäßùèõ åäèíèöû, ïðè óñëî-
âèè, ÷òî ðàçìåðû øàðà íå ñëèøêîì ìàëû. Çäåñü Re = (U∞R)/ν  ÷èñëî Ðåé-
íîëüäñà, U∞  ñêîðîñòü íàáåãàþùåãî ïîòîêà, R  ðàäèóñ øàðà, ν  êîýôôè-
öèåíò êèíåìàòè÷åñêîé âßçêîñòè. Ïðè èçó÷åíèè ìåäëåííîãî îáòåêàíèß ìèêðîñôåð
ãàçîì â äèàïàçîíå ÷èñåë Êíóäñåíà îò 0.01 äî 0.1 âîçíèêàåò íåîáõîäèìîñòü ïîñòà-
íîâêè ìàêñâåëëîâñêèõ ãðàíè÷íûõ óñëîâèé ñêîëüæåíèß. Àíàëèòè÷åñêîå ðåøåíèå
ñèñòåìû Ñòîêñà â ýòîì ñëó÷àå áûëî íàéäåíî À.Áàññåòîì [3; 5]. Ïîëó÷åíà óòî÷íåí-
íàß ôîðìóëà äëß ñèëû ñîïðîòèâëåíèß, ñîãëàñóþùàßñß ñ ýìïèðè÷åñêèìè äàííûìè
Ð.Ìèëëèêåíà. Âûâîä ïîïðàâêè ê ñèëå ñîïðîòèâëåíèß, ó÷èòûâàþùåé âëèßíèå ÷èñ-
ëà Ðåéíîëüäñà, áûë äàí Ê.Îçååíîì [1].
Áîëüøèíñòâî ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé ïîñâßùåíî îïðåäåëåíèþ êîýô-
ôèöèåíòîâ ñîïðîòèâëåíèß ñôåð ïðè îáòåêàíèè èõ æèäêîñòüþ. Â íåêîòîðûõ èç
ýòèõ ðàáîò (ñì. [610]) èçó÷àåòñß âèõðåâîé ñëåä çà ñôåðîé, êîòîðûé îáðàçóåòñß
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ïðè ÷èñëàõ Re ' 10. C ðîñòîì ÷èñëà Re îò 10 äî 100 òå÷åíèå ñîõðàíßåò îñå-
âóþ ñèììåòðèþ, à äëèíà çîíû ðåöèðêóëßöèîííîãî òå÷åíèß óâåëè÷èâàåòñß. Ïðè
Re ' 100 ïðîèñõîäèò ñïîíòàííîå íàðóøåíèå îñåâîé ñèììåòðèè. Çà òåëîì íàáëþ-
äàåòñß ñòàöèîíàðíûé äâóõíèòåâîé ñëåä, îáëàäàþùèé óæå çåðêàëüíîé ñèììåòðèåé
ïî îòíîøåíèþ ê íåêîòîðîé ïëîñêîñòè. Íà÷èíàß ñ Re ' 135 èìååò ìåñòî íåñòàöèî-
íàðíûé ïåðèîäè÷åñêèé îòðûâ âèõðåâûõ ïåòåëü. Äàëüíåéøåå óâåëè÷åíèå ÷èñëà Re
ïðèâîäèò ê åùå áîëåå ñëîæíîé êàðòèíå îáòåêàíèß. Ïðè âûñîêèõ ÷èñëàõ Ðåéíîëüä-
ñà ðåçóëüòàòû ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé ðàçíûõ àâòîðîâ îò÷àñòè ïðîòè-
âîðå÷àò äðóã äðóãó. Â êà÷åñòâå îñíîâíîé ìàòåìàòè÷åñêîé ìîäåëè ïðè ÷èñëåííîì
ìîäåëèðîâàíèè çàäà÷è îáòåêàíèß øàðà èñïîëüçîâàëàñü ïðåèìóùåñòâåííî ñèñòåìà
óðàâíåíèé Íàâüå-Ñòîêñà äëß âßçêîé íåñæèìàåìîé æèäêîñòè [1120]. Ñ ïîìîùüþ
òåõíèêè ïàðàëëåëüíûõ âû÷èñëåíèé óäàëîñü ïðîàíàëèçèðîâàòü ðåæèìû îáòåêàíèß
äî ÷èñåë Ðåéíîëüäñà ïîðßäêà 500.
Ñèñòåìà êâàçèãèäðîäèíàìè÷åñêèõ (ÊÃÄ) óðàâíåíèé äëß íåñæèìàåìîé ñðåäû
áûëà ïðåäëîæåíà â [21], à äëß ñæèìàåìîé  â [22]. Ôåíîìåíîëîãè÷åñêèé âûâîä
ÊÃÄóðàâíåíèé èç èíòåãðàëüíûõ çàêîíîâ ñîõðàíåíèß ìàññû, èìïóëüñà, ìîìåí-
òà èìïóëüñà, ïîëíîé ýíåðãèè è ýíòðîïèè äëß ïîäâèæíîãî èíäèâèäóàëüíîãî îáú-
åìà äàí â [24; 26]. Òàì æå ïîñòðîåíû ñåìåéñòâà òî÷íûõ ôèçè÷åñêè îñìûñëåííûõ
ðåøåíèé ýòîé ñèñòåìû. Ñóùåñòâåííîå îòëè÷èå îò òåîðèè Íàâüå-Ñòîêñà çàêëþ-
÷àëîñü â èñïîëüçîâàíèè ïðîöåäóðû ïðîñòðàíñòâåííîâðåìåííîãî îñðåäíåíèß ïðè
îïðåäåëåíèè îñíîâíûõ ãèäðîäèíàìè÷åñêèõ âåëè÷èí. Ñïåöèôèêà ïðîñòðàíñòâåííî
âðåìåííûõ ñðåäíèõ ïî ñðàâíåíèþ ñ ìãíîâåííûìè ëîêàëüíûìè ñðåäíèìè ïî ïðî-
ñòðàíñòâó ïðèâåëà ê íåîáõîäèìîñòè ïåðåñìîòðà êëàññè÷åñêîé ñõåìû ïîñòðîåíèß
óðàâíåíèé ãèäðîäèíàìèêè.
Êâàçèãèäðîäèíàìè÷åñêèå óðàâíåíèß óñïåøíî èñïîëüçîâàëèñü äëß ïîñòðîåíèß
÷èñëåííûõ ìåòîäîâ ðåøåíèß óðàâíåíèé Íàâüå-Ñòîêñà â ðàçëè÷íûõ ïðèáëèæåíè-
ßõ [23; 25; 26; 2830]. Â [23; 29] ïðîâåäåíî ìîäåëèðîâàíèå òå÷åíèé íåñæèìàåìîé
æèäêîñòè â êàâåðíå â äâóìåðíîé è òðåõìåðíîé ïîñòàíîâêàõ ñîîòâåòñòâåííî. Ðàáî-
òà [25] ïîñâßùåíà èññëåäîâàíèþ ñòàöèîíàðíûõ è íåñòàöèîíàðíûõ êîíâåêòèâíûõ
äâèæåíèé æèäêîñòè â ïðßìîóãîëüíûõ ïîëîñòßõ ïðè ìàëûõ ÷èñëàõ Ïðàíäëß. Â
[28] ðàññìîòðåíû ëàìèíàðíûå è òóðáóëåíòíûå òå÷åíèß ãàçà çà îáðàòíûì óñòóïîì.
Äîïîëíèòåëüíóþ èíôîðìàöèþ ìîæíî íàéòè â êíèãàõ [26; 30]. Áëèçêèå ïî âèäó
ðåãóëßðèçàòîðû äëß ðåøåíèß óðàâíåíèé Íàâüå-Ñòîêñà ïîçäíåå áûëè ïðåäëîæåíû
â [27].
Â ñòàòüå [31] ïîñòðîåíî òî÷íîå àíàëèòè÷åñêîå ðåøåíèå ÊÃÄñèñòåìû â ïðèáëè-
æåíèè Ñòîêñà äëß çàäà÷è îá îáòåêàíèè øàðà îäíîðîäíûì ïîòîêîì ãàçà ñ óñëîâè-
ßìè ìàêñâåëëîâñêîãî ñêîëüæåíèß ñêîðîñòè íà åãî ïîâåðõíîñòè. Â [32] ïðèâåäåíî
äîêàçàòåëüñòâî òåîðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè îáîáùåííîãî ðåøåíèß
ñòàöèîíàðíîé êðàåâîé çàäà÷è äëß ÊÃÄñèñòåìû â ïðèáëèæåíèè Ñòîêñà. Ñâîéñòâà
ýëëèïòè÷íîñòè óêàçàííîé ñèñòåìû ïî Ïåòðîâñêîìó è ïî Äóãëèñó-Íèðåíáåðãó óñòà-
íîâëåíû â [33]. Ðàáîòû [34; 35] ïîñâßùåíû ÷èñëåííîìó ìîäåëèðîâàíèþ íà îñíîâå
ÊÃÄóðàâíåíèé îñåñèììåòðè÷íûõ òå÷åíèé ñëàáîñæèìàåìîé æèäêîñòè â îêðåñò-
íîñòè øàðà ïðè íèçêèõ è óìåðåííûõ ÷èñëàõ Ðåéíîëüäñà.
Â íàñòîßùåé ðàáîòå íà áàçå ïîëíûõ êâàçèãèäðîäèíàìè÷åñêèõ óðàâíåíèé ïî-
ñòðîåí íîâûé àëãîðèòì ðàñ÷åòà äîçâóêîâûõ òå÷åíèé âßçêîãî ñæèìàåìîãî òåïëî-
ïðîâîäíîãî ãàçà âáëèçè øàðà â îñåñèììåòðè÷åñêîé ïîñòàíîâêå. Ïðîàíàëèçèðîâàíû
ðåæèìû êàê ïðîñòîãî ïðîòåêàíèß, òàê è îòðûâíîãî.
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1. Ïîñòàíîâêà çàäà÷è îá îáòåêàíèè øàðà äëß óðàâíåíèé Íàâüå-Ñòîêñà.
Ñèñòåìà Íàâüå-Ñòîêñà äëß âßçêîãî ñæèìàåìîãî òåïëîïðîâîäíîãî ãàçà â ñôåðè÷å-








































































































































































































































qr = −æ ∂T
∂r
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Äîáàâèì òàêæå óðàâíåíèß ñîñòîßíèß èäåàëüíîãî ïîëèòðîïíîãî ãàçà
p = ρ<T, ε = p
ρ(γ − 1) . (7)
Çäåñü ñèìâîëàìè η∞ è T∞ îáîçíà÷åíû âßçêîñòü è òåìïåðàòóðà ãàçà â íàáåãàþùåì
ïîòîêå, ω  ïîêàçàòåëü òåìïåðàòóðíîé çàâèñèìîñòè, Pr  ÷èñëî Ïðàíäòëß, < 
ãàçîâàß ïîñòîßííàß, γ = cp/cv  ïîêàçàòåëü àäèàáàòû Ïóàññîíà, cp è cv  óäåëüíûå
òåïëîåìêîñòè ïðè ïîñòîßííîì äàâëåíèè è îáúåìå ñîîòâåòñòâåííî.
Ñèñòåìà (1)(7) çàìêíóòà îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé  ïëîòíîñòè ρ =
ρ(r, θ, t), ïðîåêöèé âåêòîðà ñêîðîñòè ur = ur(r, θ, t), uθ = uθ(r, θ, t) è äàâëåíèß p =
p(r, θ, t). Ñîñòàâëßþùàß ñêîðîñòè uϕ ïîëîæåíà ðàâíîé íóëþ. Çàâèñèìîñòüþ îñòàëü-
íûõ ìàêðîïàðàìåòðîâ ñðåäû îò óãëà ϕ ïðåíåáðåãàåì. Ñâßçü äåêàðòîâûõ êîîðäè-
íàò (x1, x2, x3) ñî ñôåðè÷åñêèìè (r, ϕ, θ) çàäàåòñß ñîîòíîøåíèßìè x1 = r cosϕ sin θ,
x2 = r sinϕ sin θ, x3 = r cos θ.
Çàäà÷à îáòåêàíèß øàðà ðàäèóñà R c öåíòðîì â íà÷àëå êîîðäèíàò, íàïðàâëåí-
íûì âäîëü îñè ox3 âíåøíèì îäíîðîäíûì ïîòîêîì âßçêîãî ñæèìàåìîãî òåïëîïðî-
âîäíîãî ãàçà, èìåþùèì ïðè r → +∞ ïëîòíîñòü ρ∞, ñêîðîñòü U∞ è äàâëåíèå
p∞, ñîñòîèò â îòûñêàíèè ôóíêöèé ρ, ur, uθ è p, óäîâëåòâîðßþùèõ â îáëàñòè









= U∞ cos θ, uθ(r, θ, t)
∣∣∣
t=0




= p∞, 0 < θ < pi, R < r < +∞, (10)
îòâå÷àþùèì ìãíîâåííîìó ïîìåùåíèþ øàðà â îäíîðîäíûé ïîòîê, à òàêæå ãðàíè÷-
íûì óñëîâèßì
ρ(+∞, θ, t) = ρ∞, p(+∞, θ, t) = p∞, (11)
ur(R, θ, t) = 0, ur(+∞, θ, t) = U∞ cos θ; (12)






(R, θ, t), uθ(+∞, θ, t) = −U∞ sin θ, (13)
∂T
∂r
(R, θ, t) = 0, 0 < θ < pi, t ≥ 0. (14)
Çäåñü ρ∞ è p∞  ñîîòâåòñòâåííî ïëîòíîñòü è äàâëåíèå â íàáåãàþùåì ïîòîêå. Ïåð-
âîå èç ðàâåíñòâ (13) ïðåäñòàâëßåò ñîáîé óñëîâèå ñêîëüæåíèß äëß âåêòîðà ñêîðîñòè.
Ðàâåíñòâî (14) õàðàêòåðèçóåò îòñóòñòâèå òåïëîâîãî ïîòîêà íà ïîâåðõíîñòè øàðà.
2. Ïîñòàíîâêà çàäà÷è îá îáòåêàíèè øàðà äëß êâàçèãèäðîäèíàìè÷å-
ñêèõ óðàâíåíèé. Ñèñòåìà êâàçèãèäðîäèíàìè÷åñêèõ óðàâíåíèé áûëà âûâåäåíà
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ôåíîìåíîëîãè÷åñêè â [24; 26]. Â ðàññìàòðèâàåìûõ ñôåðè÷åñêèõ êîîðäèíàòàõ áåç































































































































(r2 ρwθ ur) + ρ






























































































































































Êîìïîíåíòû òåíçîðà Π è âåêòîðà ~q îïðåäåëèì ñ ïîìîùüþ âûðàæåíèé (5). Äî-
áàâèì òàêæå óðàâíåíèß (6)(7). Íåèçâåñòíûìè ôóíêöèßìè ßâëßþòñß ïëîòíîñòü
ρ = ρ(r, θ, t), ïðîåêöèè âåêòîðà ñêîðîñòè ur = ur(r, θ, t), uθ = uθ(r, θ, t) è äàâëåíèå
p = p(r, θ, t). ÊÃÄñèñòåìà (15)(20) òðàêòóåòñß êàê àïïðîêñèìèðóþùàß ñèñòåìà
äëß óðàâíåíèé Íàâüå-Ñòîêñà. Äîïîëíèòåëüíûå ñëàãàåìûå, ñîäåðæàùèå ìàëûé ïî-
ëîæèòåëüíûé ïàðàìåòð τ , èíòåðïðåòèðóþòñß êàê èñêóññòâåííûå ðåãóëßðèçàòîðû.
Ïðè ïîñòðîåíèè ðàçíîñòíûõ ñõåì âåëè÷èíà τ çàâèñèò îò øàãîâ ñåòêè è ìàêðîïà-








= U∞ cos θ, uθ(r, θ, t)
∣∣∣
t=0




= p∞, 0 < θ < pi, R < r < +∞. (23)
Ãðàíè÷íûå óñëîâèß çàäàäèì ñëåäóþùèì îáðàçîì:
ur(R, θ, t) = 0, ur(+∞, θ, t) = U∞ cos θ; (24)






(R, θ, t), uθ(+∞, θ, t) = −U∞ sin θ; (25)
∂p
∂r
(R, θ, t) = 0, p(+∞, θ, t) = p∞, (26)
∂ρ
∂r
(R, θ, t) = 0, ρ(+∞, θ, t) = ρ∞, 0 < θ < pi, t ≥ 0. (27)
Çäåñü ξ  äîëß äèôôóçíî îòðàæåííûõ ìîëåêóë, êîòîðàß áëèçêà ê åäèíèöå. Â íà-
øåì ñëó÷àå ïîëàãàåì ξ = 0.9. Ñðåäíþþ äëèíó ñâîáîäíîãî ïðîáåãà ìîëåêóë λ áóäåì





Äîïîëíèòåëüíîå ãðàíè÷íîå óñëîâèå äëß äàâëåíèß
∂p
∂r
(R, θ, t) = 0 (28)
ñâßçàíî ñ áîëåå âûñîêèì ïîðßäêîì êâàçèãèäðîäèíàìè÷åñêîé ñèñòåìû ïî ñðàâíå-
íèþ ñ ñîîòâåòñòâóþùåé íåñòàöèîíàðíîé ñèñòåìîé Íàâüå-Ñòîêñà. Â ñîâîêóïíîñòè
ñ êðàåâûìè óñëîâèßìè äëß ñêîðîñòè îíî îáåñïå÷èâàåò îòñóòñòâèå ïîòîêà ìàññû
÷åðåç ãðàíèöó øàðà. Ðàâåíñòâî
∂ρ
∂r
(R, θ, t) = 0
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ïîëó÷àåòñß êàê ñëåäñòâèå (14), (30), åñëè âîñïîëüçîâàòüñß óðàâíåíèåì Ìåíäåëååâà-
Êëàïåéðîíà p = ρ<T .
3. Âû÷èñëèòåëüíûé àëãîðèòì. Ïðèâåäåì êâàçèãèäðîäèíàìè÷åñêóþ ñèñòå-
ìó ê áåçðàçìåðíîìó âèäó, âûáðàâ â êà÷åñòâå åäèíèö èçìåðåíèß r, t, ur, uθ, p, ρ, T ,
wr, wθ, ε, Πrr, Πθr, Πθθ, Πϕϕ, qr, qθ, λ, τ ñîîòâåòñòâåííî âåëè÷èíû R, R/U∞, U∞,
U∞, U2∞ρ∞, ρ∞, T∞, U∞, U∞, U2∞, ρ∞U2∞, ρ∞U2∞, ρ∞U2∞, ρ∞U2∞, ρ∞U3∞, ρ∞U3∞, R,
R/U∞. Ïîñëå óêàçàííîé ïðîöåäóðû âî âñåõ âûïèñàííûõ âûøå ôîðìóëàõ ñëåäóåò
ïîëîæèòü R = 1, U∞ = 1. Ââåäåì â îáëàñòè G∗ = {(r, θ) : 1 < r < R∞, 0 < θ < pi}
ðàâíîìåðíóþ ñåòêó
ωhr,hθ = {(ri, θj) : ri = 1 + (i− 0.5)hr, θj = (j − 0.5)hθ,
hr = (R∞ − 1)/Nr, hθ = pi/Nθ, i = 1, Nr, j = 1, Nθ}.
Çäåñü Nr, Nθ  çàäàííûå íàòóðàëüíûå ÷èñëà, R∞ >> 1  ôèêñèðîâàííîå ïîëîæè-
òåëüíîå ÷èñëî. Ïóñòü
ωhr,hθ = {(ri, θj) : ri = 1 + (i− 0.5)hr, θj = (j − 0.5)hθ,
hr = (R∞ − 1)/Nr, hθ = pi/Nθ, i = 0, Nr + 1, j = 0, Nθ + 1}.
Óçëû γhr,hθ = ωhr,hθ\ωhr,hθ íàçîâåì ôèêòèâíûìè. Àïïðîêñèìèðóåì äèôôåðåíöè-










































ri sin θ · hθ (ρi,j+1/2(uθ)i,j+1/2(ur)i,j+1/2 ·


















sin θj+1/2(Πθr)i,j+1/2 − sin θj−1/2 (Πθr)i,j−1/2
)−










· (sin θj+1/2 ρi,j+1/2(wθ)i,j+1/2(ur)i,j+1/2 − sin θj−1/2·
·ρi,j−1/2(wθ)i,j−1/2(ur)i,j−1/2) + 1
ri sin θjhθ
(sin θj+1/2 ρi,j+1/2(wr)i,j+1/2 ·












































(sin θj+1/2 ρi,j+1/2 ·





























( (ur)2i+1/2,j + (uθ)2i+1/2,j
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( (ur)2i,j+1/2 + (uθ)2i,j+1/2
2
+ εi,j+1/2 + pi,j+1/2/ρi,j+1/2
)
− sin θj−1/2 ·
·ρi,j−1/2(uθ)i,j−1/2
( (ur)2i,j−1/2 + (uθ)2i,j−1/2
2
































































( (ur)2i,j+1/2 + (uθ)2i,j+1/2
2
+ εi,j+1/2 + pi,j+1/2/ρi,j+1/2
)
− sin θj−1/2 ·
·ρi,j−1/2(wθ)i,j−1/2
( (ur)2i,j−1/2 + (uθ)2i,j−1/2
2





















































































































































































































































































































































sin θj (uθ)i,j+1 − sin θj (uθ)i,j−1








































































Re = (ρ∞U∞R)/η∞  ÷èñëî Ðåéíîëüäñà, M = U∞/(cs)∞  ÷èñëî Ìàõà, (cs)∞ =√
γp∞/ρ∞  ñêîðîñòü çâóêà íà áåñêîíå÷íîì óäàëåíèè îò òåëà. Çíà÷åíèß ïðîåêöèé
âåêòîðà òåïëîâîãî ïîòîêà èìåþò âèä
(qr)i+1/2,j = −ηi+1/2,j γ(pi+1,j/ρi+1,j − pi,j/ρi,j)(γ − 1)Pr hr ,
(qr)i−1/2,j = −ηi−1/2,j γ(pi,j/ρi,j − pi−1,j/ρi−1,j)(γ − 1)Pr hr ,
(qθ)i,j+1/2 = −ηi,j+1/2 γ(pi,j+1/ρi,j+1 − pi,j/ρi,j)(γ − 1)Pr hθri ,
(qθ)i,j−1/2 = −ηi,j−1/2 γ(pi,j/ρi,j − pi,j−1/ρi,j−1)(γ − 1)Pr hθri . (37)
Óäåëüíóþ âíóòðåííþþ ýíåðãèþ â óçëàõ ñåòêè âû÷èñëèì ñ ïîìîùüþ âûðàæåíèé
εij =
pij
ρij(γ − 1) , εi±1/2,j =
pi±1/2,j
ρi±1/2,j(γ − 1) , εi,j±1/2 =
pi,j±1/2



















ãäå α  ÷èñëîâîé êîýôôèöèåíò, ïîäáèðàåìûé â ïðîöåññå âû÷èñëåíèé äëß îáåñïå-
÷åíèß óñòîé÷èâîñòè ñõåìû. Çàìåòèì, ÷òî çíà÷åíèå τij ïî ïîðßäêó âåëè÷èíû ðàâíî
õàðàêòåðíîìó âðåìåíè ïðîõîæäåíèß çâóêîì ðàçíîñòíîé ß÷åéêè.
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Çíà÷åíèß ïðîèçâîëüíîé ôóíêöèè ψ èç ìíîæåñòâà {ur, uθ, p, ρ} â òî÷êàõ
(ri±1/2, θj), (ri, θj±1/2), (ri+1/2, θj±1/2), (ri−1/2, θj±1/2) âû÷èñëßþòñß ñëåäóþùèì
îáðàçîì:
ψi±1/2,j = 0.5(ψi±1,j + ψij), ψi,j±1/2 = 0.5(ψi,j±1 + ψij),
ψi+1/2,j±1/2 = 0.25(ψi+1,j±1 + ψi,j±1 + ψi+1,j + ψij),
ψi−1/2,j±1/2 = 0.25(ψi−1,j±1 + ψi,j±1 + ψi−1,j + ψij).
Â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 ïîëîæèì
ρij = 1, (ur)ij = cos θj , (uθ)ij = sin θj , pij = 1/(γ M2), (ri, θj) ∈ ωhr,hθ . (40)
Àïïðîêñèìàöèß ãðàíè÷íûõ óñëîâèé (24)(27) îáåñïå÷èâàåòñß àâòîìàòè÷åñêè, åñëè
îïðåäåëèòü ñåòî÷íûå ôóíêöèè ρij , (ur)ij , (uθ)ij è pij â ôèêòèâíûõ óçëàõ ñ ïîìî-
ùüþ âûðàæåíèé
ρ0,j = ρ1,j , ρNr+1,j = 2− ρNr,j ,
ρi,0 = ρi,1, ρi,Nθ+1 = ρi,Nθ ,
ρ0,0 = ρ1,1, ρ0,Nθ+1 = ρ1,Nθ ,
ρNr+1,0 = 2− ρNr,1,
ρNr+1,Nθ+1 = 2− ρNr,Nθ , i = 1, Nr, j = 1, Nθ, (41)
p0,j = p1,j , pNr+1,j = 2/(γM
2)− pNr,j ,
pi,0 = pi,1, pi,Nθ+1 = pi,Nθ ,




2)− pNr,Nθ , i = 1, Nr, j = 1, Nθ, (42)
(ur)0,j = −(ur)1,j , (ur)Nr+1,j = 2 cos θj − (ur)Nr,j ,
(ur)i,0 = −(ur)i,1, (ur)i,Nθ+1 = (ur)i,Nθ ,
(ur)0,0 = −(ur)0,1, (ur)0,Nθ+1 = (ur)0,Nθ ,
(ur)Nr+1,0 = 4− 2 cos θ1 − (ur)Nr,1,


















(uθ)Nr+1,j = −2 sin θj − (uθ)Nr,j ,
(uθ)i,0 = −(uθ)i,1, (uθ)i,Nθ+1 = −(uθ)i,Nθ ,
i = 0, Nr + 1, j = 1, Nθ. (44)
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Ñîîòíîøåíèß (41)(44) äîëæíû âûïîëíßòüñß è íà ñëåäóþùåì âðåìåííîì ñëîå.
ßâíàß óñëîâíîóñòîé÷èâàß ðàçíîñòíàß ñõåìà (31)(44) àïïðîêñèìèðóåò íà÷àëüíî












ãäå εu  çàäàííàß òî÷íîñòü.
4. Ðåçóëüòàòû ðàñ÷åòîâ. Àëãîðèòì (31)(45) áûë ðåàëèçîâàí íà ñåòêàõ ðàç-
ìåðîâNr×Nθ=100×30, 100×50, 200×20, 300×30, 400×40. Âåëè÷èíà R∞ ïîëàãàëàñü
ðàâíîé 25, 30, 50, 100. ×èñëà Ðåéíîëüäñà è Ìàõà ïðèíèìàëè çíà÷åíèß 1, 10, 15, 25,
56.5, 50, 75, 100 è 0.01, 0.1, 0.3, 0.5, 0.7 ñîîòâåòñòâåííî. Ãàç ñ÷èòàëñß îäíîàòîìíûì
(γ = 5/3, Pr = 2/3). Ïîêàçàòåëü òåìïåðàòóðíîé çàâèñèìîñòè ω = 0.5, εu = 0.0001.
Ðåãóëßðèçèðóþùèé ïàðàìåòð α = 0.5 îáåñïå÷èâàë óñòîé÷èâîñòü âû÷èñëåíèé ñ øà-
ãîì ïî âðåìåíè ∆t = 0.0001.
Íà ðèñ. 1 ñèìâîëàìè Ñ1 è Ñ2 ïîìå÷åíû êðèâûå, ñîîòâåòñòâóþùèå ðåçóëüòà-
òàì ðàñ÷åòà òå÷åíèé íà îñíîâå ÊÃÄñèñòåìû äëß íåñæèìàåìîé æèäêîñòè [35] ïðè
Re = 1 è ïîëíîé ÊÃÄñèñòåìû ïðè Re = 1, M = 0.01 ñîîòâåòñòâåííî. Êàê âèä-
íî èç ãðàôèêîâ, ñîâïàäåíèå ïðàêòè÷åñêè ïîëíîå, ÷òî è äîëæíî áûòü ïðè ìàëûõ
÷èñëàõ Ìàõà. Íà ðèñ. 2 ïðåäñòàâëåíû ïîëå ñêîðîñòè, à òàêæå ëèíèè óðîâíß äàâ-
ëåíèß, ïëîòíîñòè è òåìïåðàòóðû ïðè Re = 0.01, M = 0.01, îòâå÷àþùèå ïðîñòîìó
ïðîòåêàíèþ. Ðèñ. 3 è ðèñ. 4 îòâå÷àþò îòðûâíûì òå÷åíèßì ïðè Re = 30, M = 0.5
è Re = 75, M = 0.5 ñîîòâåòñòâåííî.
a b
Ðèñ. 1. Ðàñïðåäåëåíèß ñîñòàâëßþùèõ ñêîðîñòè ur è uθ âäîëü ëó÷à r > 1, θ = 0.052 ïðè
Re = 1, M = 0.01, R∞ = 25 íà ñåòêå 300× 30: a) ñîñòàâëßþùàß ur, b) ñîñòàâëßþùàß uθ
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a b
c d
Ðèñ. 2. Ðàñ÷åò ïðè Re = 0.1, M = 0.01, R∞ = 25 íà ñåòêå 100 × 30: a) êàðòèíà òå÷åíèß,
b) ëèíèè óðîâíß äàâëåíèß, c) ëèíèè óðîâíß ïëîòíîñòè, d) ëèíèè óðîâíß òåìïåðàòóðû
a b
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c d
Ðèñ. 3. Ðàñ÷åò ïðè Re = 30, M = 0.5, R∞ = 25 íà ñåòêå 100× 50: a) êàðòèíà òå÷åíèß, b)
ëèíèè óðîâíß äàâëåíèß, c) ëèíèè óðîâíß ïëîòíîñòè, d) ëèíèè óðîâíß òåìïåðàòóðû
a b
c d
Ðèñ. 4. Ðàñ÷åò ïðè Re = 75, M = 0.5, R∞ = 25 íà ñåòêå 100× 60: a) êàðòèíà òå÷åíèß, b)
ëèíèè óðîâíß äàâëåíèß, c) ëèíèè óðîâíß ïëîòíîñòè, d) ëèíèè óðîâíß òåìïåðàòóðû
Çàêëþ÷åíèå. Òàêèì îáðàçîì, ïðåäëîæåííûé àëãîðèòì õîðîøî îïèñûâàåò îñå-
ñèììåòðè÷íûå òå÷åíèß âßçêîãî ñæèìàåìîãî òåïëîïðîâîäíîãî ãàçà îêîëî øàðà. Îí
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ßâëßåòñß ßâíûì è îäíîðîäíûì, ñðàâíèòåëüíî ïðîñòûì â ðåàëèçàöèè, ìîæåò èñ-
ïîëüçîâàòñß äëß ðåøåíèß ðßäà ïðàêòè÷åñêèõ çàäà÷, ñâßçàííûõ ñ äâèæåíèåì òåë
ñôåðè÷åñêîé ôîðìû â àòìîñôåðå.
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